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X [S{:x´2i
jX]8l<]\stn¸oon¸osBp:³@jX]ijxn¸os º a¤jÃnqiÃ¿/pFxjXÅx]\[S{:x´4n¸osBjX {:j¾L³«pFxÃlonqpFrqpFstnq{:rEi]kuLv]\k]ki¾2pF]
iXpFvorq~®l<],{:lorq],jp~o]k\nq~o]¿mX]\jX]\x{Bstn¸z]\}<pFn¸jkpFxx]ki}<pF~oijp¼{¶on¸j]i]kuLv]\k]t¾<pFx
nÎ³*n¸j¿Y{FijX]`r½{Fijih4[`l<pFr
u
p:³*{SX {:n¸
V u
¾ ¿mX]\x]
V
nqi{¿ÃpFx~®kpFinqijn¸osp:³*jX]`i!{:[^]
rq]\jj]\x¾ i!{h
v
¾x]\}V]{:j]k~O{: n¸2¶on¸j]vo[`l<]\xp:³Yjn¸[^]ki º WYX]\ jX]^x]\z]\xi!]SkpFijxv\jnqpF
¿mn¸r¸rVl<]¿/]\r¸rÎÚ¤~o]Q¶]k~ ¾ in¸[B}or¸hBlhS!XpLptin¸os,jX]n¸on¸jn½{:r<}Vptin¸jnqpF
X0
jp,lV]pF]p:³(jX]¶#o]k~
}<pFn¸jip:³mjX]^r¸n¸]{:xivolijn¸jvojnqpF  º  º a¤6jX]SiuLv {:x]^jX]ki]^¶#2]k~D}VpFn¸Lji{:x]SjX]B³¬pFvox
z]\xjnqk]ki º
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A(0, 0)
C(0, 1)
T (1, 0)
G(1, 1)
S  
S 
S 
S 
A(0, 0)
C(0, 1)
T (1, 0)
G(1, 1)
S 
S 
S 
S 
S 	

S 
S 	
S 
S 	
S 	
S 
S 
S 		
S 	
S 	
S 
   ]Q¶on¸jnqpFip:³jX]·iuLv {:x]ki`kpFxx]ki}<pF~2n¸osjpÆv\rq]kpFjnq~o]kiÆ­Jrq]Q³«j¦±,{:~ ~2n¸v2Ú
\rq]kpFjnq~o]ki,­Jxn¸stXj¦±Y³«pFxmjX]¯m°|epF
[0, 1[2 º
WYXonqix]\}<pFxj8nqi{:]2}orqpFx!{:jpFxh¹ijv~2h®p:³/jX]`[S{:n¸[S{:jX]\[S{:jnq{:r*}oxpF}<]\xjnq]kip:³jX]
¯m°| {:~Åp:³ jX]\n¸x{:}o}or¸nq{:jnqpFi º WYX][S{:n¸®sp{:rE}ovoxiv]k~ÅX]\x]nqijpjxhjpvo~o]\xij!{:~
¿mX]\jX]\xjX]`¯m°|}oxpz4nq~o]kim[^pFx]n¸2³¬pFx[S{:jnqpF®pFÅjX]~2nqijxn¸lovojnqpF®p:³*{i]kuLv]\k]jX {:
¿mX {:jkpFvorq~ÅlV]pFloj!{:n¸]k~®lh·[^pFx]\r½{Fiinq{:r@¿/pFx~4Ú¤kpFvojn¸os·[^]\jXp4~oi º
!  "$#&%('( *) (  (" ,+
¯ÃpFvoLjn¸os}<pFn¸jin¸®ipF[^],i]\j
Sw
nqij!{:j!{:[^pFvoLjjpkpFvojn¸os¼pLk\voxx]\k]kip:³*jX]¿/pFx~
w
­«i]k] Ë n¸stvox]  º 6³¬pFx®{6jxn¸v\rq]kpFjnq~o]D³Jx]kuLv]\\h [S{:jxn  ± º a¤~o]k]k~ ¾ Sw kpFinqijiÅp:³{:r¸r²}Vptiin¸lorq]Bi]kuv]\k]ki·­JpFj`]kk]kii¦{:xn¸r¸h¹¶on¸j]Á±X {kz4n¸osÆjX]Siv 4 
w º» X]\DjX]¯m°|nqi8{:}o}or¸nq]k~®jpSrqpFos·i!]kuv]\k]ki¾pF],{:¹}oxpL~2vk],n¸[S{:s]ki¿mX]\x]`n¸Lj]\in¸jnq]kip:³}on 2]\rqi8{:x]
n¸\x]{Fin¸os³«vo\jnqpFi@p:³o¿/pFx~³Jx]kuLv]\\nq]ki/­«i]k]*³«pFxE]{:[B}orq] Ë n¸stvox] º ± º WYXonqiEs]\]\x!{:r¸n¸Ê]ki
jX]viv {:rEj!{:lorq]kip:³ ¿/pFx~¼³«x]kuLv]\\nq]ki,­«i]k]`°pFrq~2[S{: '¸+*J± º
Ë xpF[ {:¹{:xlon¸jx!{:xhÅivol<~2n¸z4nqinqpF®p:³*jX]iuLv {:x]n¸jp k uv {F~2x!{:Lji¾ É r¸[^]\nq~{¹¡\¨Y/% '¸@*~o]Q¶]^{·~2nqij!{:k]l<]\j¤¿Ã]k]\Dj¤¿ÃpÆi]kuLv]\k]ki8³JxpF[ {·kpFxx]\r½{:jnqpF kp4]@4S\nq]\j`lV]\jÂ¿/]k]\×³«x]QÚ
uLv]\\nq]kiÆp:³jX]}VpFn¸LjiÅn¸e]{FX#uLv {F~2x!{:j º WYXonqiÆ{:r¸rqpÁ¿iÆjX]\[ jpÀ[S{:´]D\xpti!i¼j!{:lorq]
kpF[B} {:xnqi!pFil<]\j¤¿Ã]k]\¹s]\]ki8{:~Åjp^lovon¸rq~Å}oXLhLrqpFs]\]\jnqjx]k]ki º a©³*jX]Lvo[`l<]\x8p:³*uLv {F~4Ú
x!{:Ljinqi pFj²p:³VjX]Y³¬pFx[
4n
¾tjX]Y³«x]kuLv]\\h,j!{:lorq]~o]Q¶]ki*³Jx]kuLv]\\nq]kip:³ pFr¸n¸spFv\rq]kpFjnq~o]ki
¿mn¸jX¹ip:Ú¤{:r¸rq]k~.-©³«x!{F\jnqpF {:r0/rq]\ostjX º WYX]`{:vojXpFxi8{Fi!i]\xjjX {:j8{Fkk]ki!in¸os^jX]³«x]kuv]\\nq]ki
p:³VpFn¸j]\s]\xx]kipFr¸vojnqpFBnqi x]\rq]\zt{:j³«pFx s]\pF[Bnqmi]kuLv]\k]ki lV]k{:vi!]mp:³jX]Ãx]k~2vo~{:\h
p:³<jX]Ys]\pF[Bnqkp4~o]­ É r¸[^]\nq~{¡\¨ /%:'¸@*J± º aÂS{:pFjX]\x²ijv~2h¾4br¸n¸z]\x¡\¨
&%'ït+* vi]¯m°|
p:³ms]\]ijxv\jvox]Sjp¹~o]\j]\x[Bn¸]¡\§ ¨«¥cQ£ª«Í`£V¥c21¸¡¦n¸  $É i]kuLv]\k]ki¾lh×kpFinq~o]\xn¸os
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AAA   
CAA   GAA   
TAA   
ACA   
CCA   GCA   
TCA   AGA   
CGA   GGA   
TGA   
ATA   
CTA   GTA   
TTA   
AAC   
CAC   GAC   
TAC   
ACC   
CCC   GCC   
TCC   AGC   
CGC   GGC   
TGC   
ATC   
CTC   GTC   
TTC   AAG   
CAG   GAG   
TAG   
ACG   
CCG   GCG   
TCG   AGG   
CGG   GGG   
TGG   
ATG   
CTG   GTG   
TTG   
AAT   
CAT   GAT   
TAT   
ACT   
CCT   GCT   
TCT   AGT   
CGT   GGT   
TGT   
ATT   
CTT   GTT   
TTT   
10  
9 
8 
7 
6
5 
4 
3 
2 
1 
A 
[0, 0]      
C 
[0, 1]      
G 
[1, 1]      
T 
[1, 0]      
  ¯/X {Fpti °{:[^]Ã|]\}ox]ki!]\j!{:jnqpFBp:³jX]*¶xij
10
Lv\rq]kpFjnq~o]ki p:³jX]0%(* ªjXox]QÚ
pFon¸]`s]\]`jXox ÉYÉ W°¯m° É °W°W º WYX]kpLpFx~2n¸ {:j]ki³¬pFx]{FXÈv\rq]kpFjnq~o]
{:x]Å{:rq\vor½{:j]k~ x]k\voxin¸z]\r¸hÀvin¸os
(0.5, 0.5)
{FiBij!{:xjn¸osD}<ptin¸jnqpF º WYX]Åi]QÚ
uv]\k]nqiÃx]{F~^³«xpF[ rq]Q³«jÃjp`xn¸stXLj º w(pFn¸Ljmvo[,lV]\x 3 kpFxx]ki}VpF~oiÃjp,jX]¶xij
3
Ú©rq]\jj]\xS¿/pFx~
ATG º aÂjBnqirqp4{:j]k~Àn¸OjX]ÅkpFxx]ki}VpF~2n¸os uLv {F~2x!{:j º WYX]i]kkpF~
3
Ú©rq]\jj]\x¿/pFx~
TGC
kpFxx]ki}VpF~oimjp^}VpFn¸Lj
4
{:~ÆipBpF º
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 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ 
jX],]\jxpF}LhÈ{:j]{FXÈx]kipFr¸vojnqpF¹rq]\z]\r º ¯ÃpFjx!{:xh¹jpS}ox]\z4nqpFvi¿ÃpFx´4iB­«i]k],] º s º Ø{:n¸xn¸xnY¡k¨

&% '¸+*J±vin¸osÆ]\jxpF}hx]\r½{:j]k~jp·¿/pFx~ kpFvojn¸os¾EjX]BkpFLjn¸vpFvi`x]kipFr¸vojnqpFDp:³m¯m°|
{:r¸rqpÁ¿ijpB~2nqijn¸ostvonqiX®l<]\j¤¿/]k]\  $É i]kuv]\k]ki8{:~¼x!{:~opF[ i]kuLv]\k]ki º
É Xo ¡k¨,/%0'ï+*vi]Æivolon¸Lj]\xzF{:rqi·{:~ x]\}ox]ki]\Ljivolijxn¸osiSn¸ pFx~o]\xSjpDpFloj!{:n¸ {:
{Fk\vox!{:j]®XonqijpFstx!{:[ p:³8jX]¹ivolijxn¸osi^n¸ jX]ÆkpF[B}orq]\j]¹s]\pF[^] º WYXonqiXonqijpFstx!{:[ nqi
{:r¸rq]k~jX], ^¡:¦Ï4¥¡¥¡Â£¥¡Qk¡Q§ ¨©¨«ª«F§Èp:³EjX]s]\pF[^] º WYX]\hS}oxpz4nq~o]8{,X {:x!{F\j]\xn¸ÊÁ{:jnqpFÆp:³
jX] $8É i]kuv]\k]kil {Fi]k~ÆpFÆjX]\n¸x[^]{Fivox]x]\}ox]ki]\Lj!{:jnqpFE¾ stn¸z]\¹n¸ÆjX]³¬pFx[ p:³ jX]
}oxpFl {:lon¸r¸n¸jÂh~o]\in¸jÂh^³«vo\jnqpFÅp:³EjX][^]{Fivox] º a¤jÃnqi/~o]\j]\x[Bn¸]k~¼lLh^jX]8]4}<pF]\jYn¸·jX]
[,vor¸jnÎ³Jx!{F\j!{:r {: {:r¸h4inqip:³jX]`{Fi{F~o] º
Ç¹ptij·p:³jX]Æjn¸[^]¹jXoxpFvostXpFvoj·jXonqi·ijv~2h¾YjX]¹i]kuv]\k]
U = u1, u2, . . .
¿mn¸r¸rlV]
x!{:~opF[ {:~ }Vpti!in¸lor¸h n¸2¶on¸j] º WYX]\x]Q³«pFx]t¾n¸ jX]¹³¬pFxjXkpF[Bn¸osÀi!]k\jnqpFE¾m¿/]×{: {:r¸h4Ê]
i!pF[^]ijpL!X {Fijnq}oxpF}<]\xjnq]kip:³ jX],¯m°|#]k]k~o]k~Ån¸ÅjX]i]kuLv]\r º
!   B '+"#  	
  "
 
*" #&%
É ix]\[S{:x´]k~6n¸6i]k\jnqpF t¾E³¬pFx,{:xlon¸jx!{:xhDi]kuLv]\k]ki U = u1, u2 . . . p:³]\rq]\[^]\jip:³ A ¾jX]} {Fijp:³ÃjX]Bi]kuLv]\k]^{:jjn¸[^]
n
{:×l<]x]kkpz]\x]k~×³«xpF[
jX]zF{:r¸v]Bp:³
Xn
¾@ip·jX {:j
(Xi)i≥0
³¬pFx[^i8{SÇÈ{:x´pÁz®X {:n¸p:³²pFx~o]\x
1
n¸®jX],voon¸jiuLv {:x]t¾<{:r¸jXpFvostXÈn¸¹s]\]\x!{:r(n¸ji
s]\]\x!{:jpFxlV]pFjmz]\xhÅ]2}or¸nq\n¸j º
W@p¹s]\jipF[^]Sn¸in¸stXjn¸Ljp®jXonqi,}oxpLk]ki!i¾n¸j`¿mn¸r¸rÃlV]kpFz]\onq]\jBjp¹x]k{Fij,jX]¼¯m°|
pFLjp·jX],voon¸ji!]\st[^]\j
[0, 1[ º f4pF[^]p:³ÃjX][S{:n¸È[S{:jX]\[S{:jnq{:r³«]{:jvox]ki8]k]k~o]k~r½{:j]\x¿mn¸r¸r l<]ij!{:j]k~¼pÁ¿¾ {:~Å[^ptijp:³jX]\[ {:ÅlV]x]Q³¬pFx[`vor½{:j]k~®n¸ÅjX]~opF[S{:n¸Å³¬pFx[^]k~¼lh
jX]n¸Lj]\xnqpFxp:³{
d
Ú¤inq~o]k~®kpFz]Å}VpFr¸h4spF R2 ºW@p^]\ivox]{BipF[^]\XpÁ¿ i]\rÎ³JÚ¤kpFj!{:n¸]k~¹i]k\jnqpFO­¬{:jrq]{Fij{FiY³¬pFxjX]pFj!{:jnqpF±Q¾n¸j¿mn¸r¸r
l<]kpFz]\onq]\LjjpBkpFinq~o]\xjX]x]k\voxin¸z]i!X]\[^]
Yn = d
−1(Yn−1 + Zn), n ≥ 1,
­c º L±
¿mX]\x]
Y0 ∈ [0, 1[
nqi{:D{:xlon¸jx!{:xhkpFij!{:j¾
d > 1
nqi{^}<ptin¸jn¸z]n¸j]\s]\x{:~
(Zm)m∈Z{^ij!{:jnqpF {:xhÆ]\xspL~2nq,i]kuLv]\k]j!{:´4n¸osSn¸j]\s]\x8zt{:r¸v]kin¸ÆjX],i]\j A ≡ {0, 1, . . . , d − 1} ¾¿mn¸jX¼ijxnq\jr¸hB}<ptin¸jn¸z]}oxpFl {:lon¸r¸n¸jnq]kiÁ¾{:~
Z
¿mn¸r¸r~o]\pFj]{:¼{:xlon¸jx!{:xh
Zi
º WYX]]\zpFr¸vojnqpF
]kuLv {:jnqpF ­c º L±}V]\xj!{:n¸i`jpÆi]\z]\x!{:rÃ~o]k]\}or¸h]2}orqpFx]k~6{:x]{FiÁ¾@r¸n¸´]ijpL!X {Fijnq{:r¸spFxn¸jXo[^i
{:~Ær¸n¸]{:x{:vojpFx]\stx]kiin¸z][^p4~o]\rqi º aÂ®{F~o~2n¸jnqpFE¾ {Fi
Yn =
n∑
i=1
Zi
dn−i+1
+
Y0
dn
,
­c º ±
pF]/{:`z4nq]\¿ ­c º ±@{FiEjX]/l {Fi]QÚ d ]2} {:inqpFp:³ Yn−d−nY0 ­Jn¸,jX]x]\z]\xi]ÃpFx~o]\x(in¸k] Zn{:}o}<]{:xi n¸¶xijE}Vptin¸jnqpF±Q¾Á¿mXonq!X`n¸oX]\x]\jr¸hn¸LzpFr¸z]kiEjX]²{:}o} {:xn¸jnqpFp:³2zF{:xnqpFvi l<]{:vojnÎ³«vor
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³©{:\hÆpFl2y]k\jir¸n¸´],in¸ostvor½{:x8~2nqijxn¸lovojnqpFi{:~®³«x!{F\j!{:rqi­«i]k]³«pFxn¸ij!{:k]_/n¸r¸r¸n¸osirq]\h ' *
{:~ Ë {:rqkpF]\x ' )+*J± º
¯ÃpFinq~o]\xjX]x!{:~opF[ zt{:xn½{:lorq]
Ỹn =
∞∑
k=0
Zn−k
dk+1
.
WYX]\
Ỹn
nqi,{:rqip®ij!{:jnqpF {:xh×]\xspL~2nq·{:~Di!{:jnqic¶ ]ki·­c º ± º WYX]SzF{:xn½{:lorq]ki Zi lV]\n¸os®voonÎÚ³¬pFx[Br¸h·lVpFvo~o]k~ ¾o¿Ã]s]\jn¸[B[^]k~2n½{:j]\r¸h
|Yn − Ỹn| = cd−n,
¿mX]\x]`nqi{}<ptin¸jn¸z]kpFij!{:j¾ipjX {:j
lim
n→∞
|Yn − Ỹn| = 0, a.s.,
{:~ jX]×kpFLz]\xs]\k]DnqiÅs]kpF[^]\jxnq ºÄ» ]×iX {:r¸r~o]\pFj]×lh Y∞ jX]×r¸n¸[Bn¸jn¸os&x!{:~opF[zt{:xn½{:lorq]`{:~ÅlLh
π
n¸jikpFxx]ki}VpF~2n¸os·~2nqijxn¸lovojnqpF º
É iÅuLvpFj]k~ n¸jX]n¸jxp4~2v\jpFxhi]k\jnqpF t¾jp ~o]k\nq~o]¿mX]\jX]\xÈ{Ostn¸z]\}VpFn¸LjÆn¸
jX]¼ivo}o}<pFxjBp:³
π
kpFxx]ki}VpF~oijpD{Æ¶on¸j]Åi]kuLv]\k]t¾i!{h
(zn, zn−1, . . . , u1)
¾pFxjp{:
n¸2¶on¸j]×pF]×p:³jX]È³«pFx[
(zn, z, z, . . .)
kpFLj!{:n¸on¸os jX]×i!{:[^]×~2n¸stn¸j
z
³«xpF[ {Àk]\xj!{:n¸
}<ptin¸jnqpF pFL¿Ã{:x~oi¾n¸j`iv 4Sk]kijpÅ}ovojjX]Sij!{:xjn¸os®}<ptin¸jnqpF6{:j`pF]Sp:³YjX]B¶#2]k~×}<pFn¸ji
au, 0 ≤ u ≤ d − 1,
p:³jX]r¸n¸]{:xivolijn¸jvojnqpF
σu : x → σu(x) = d−1(x + u),
¿mXonq!XÆnqi]kuLv {:rEjp
au =
u
d − 1 ∈ [0, 1[
º
¯/X {:x!{F\j]\xn¸Êkn¸os6jX]År¸n¸[Bn¸jn¸osO~2nqijxn¸lovojnqpF
π
p:³
Y∞
nqi{È[^pFx]¹{¿m´L¿Y{:x~ j!{Fi´ º aÂ
jX]\r½{Fi!inq{:r {Fi]¿mX]\ÅjX]
(Zi)
{:x]n¸~o]\}V]\~o]\Lj{:~¼nq~o]\jnq{:r¸r¸hÅ~2nqijxn¸lovoj]k~Åx!{:~opF[
zt{:xn½{:lorq]ki¾ ¿mn¸jX
pk = P(Z = k)
¾jX]`}oxpLk]ki!i
(Yn)
]\Fyph2ijX]³¬pFr¸rqp¿mn¸os·}oxpF}<]\xjnq]ki¾i!]k]
] º s º _/n¸r¸r¸n¸osirq]\h ' *{:~ Ë {:rqkpF]\x ' )+* º
 Äa©³
Z
nqivoonÎ³¬pFx[ pF {0, 1, . . . , d − 1} ¾jX]\ π nqiin¸[B}or¸h¼jX]  ]\lV]kistv]`[^]{Fivox]pÁz]\x
[0, 1[ ºm» X]\]\z]\x Z nqipFjvoonÎ³¬pFx[Br¸h®~2nqijxn¸lovoj]k~ ¾ π nqikpFLjn¸vpFvi¾ in¸ostvor½{:x¿mn¸jXx]ki}V]k\jmjpBjX]  ]\lV]kistv][^]{Fivox]t¾ {:~Å¿Ã]X {kz]`jX]ijxpFos^r½{k¿ p:³r½{:xs]Lvo[`l<]\xi
lim
N→∞
1
N
N∑
j=1
 
{Zj=k} = pk, π a.s.
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ )
    WYX]`ivo}o}VpFxj
Sπ
p:³
π
X {Fi{BØ8{:vi!~opFxcÙ~2n¸[^]\inqpF
α 5687= dimH(Sπ) stn¸z]\ÆlLh
α = − 1
log d
d−1∑
i=0
pi log pi,
­c º   ±
¿mXonq!XÀn¸6jvoxÀiXp¿ijX {:jjX]·~2nqijxn¸lovojnqpFO³Jvo\jnqpF
F (x) 56/7= P(Y∞ ≤ x) i!{:jnqi¶ ]ki{ n¸}iXon¸jÊkpF~2n¸jnqpF®p:³ pFx~o]\x
α
pF¹{i!]\jp:³
π
Ú©[^]{Fivox]­«i]k]-' ¾ )+*J±Q¾n º ] º
|F (x + h) − F (x)| = O(hα).
bvox\r½{:n¸[ nqijX {:jBi]\z]\x!{:rmp:³jX]¼{:lVpÁz]}oxpF}<]\xjnq]ki^{:x]¼ijn¸r¸rÃzF{:r¸nq~Ovo~o]\xjX]¼ipFrq]
{Fi!ivo[B}ojnqpFÆjX {:jjX]n¸o}ovoj8i]kuv]\k]
(Zn)
nqiij!{:jnqpF {:xh¼]\xsp4~2nq     º
 Y¥c %
 Í E  Ît¥«Ì¡`§Ï4    ¡Q¥¦ %²a¤jmkpFvorq~¼l<]pFloj!{:n¸]k~®{Fi{,[^]\x]kpFi]kuv]\k]p:³jX]8s]QÚ
pF[^]\jxnq8]\xsp4~2nq\n¸j¤h^iXpÁ¿m¼{:l<pz]t¾4i]k]  pL]\z] 'ït+*J± º*É kpF\voxx]\Lj{:}o}oxpL!Xnqi²jpx]\[S{:x´<¾
³«xpF[ jX]    ,{Fiivo[B}ojnqpFE¾jX {:jjX]\x]]2nqijiipF[^]
d
ÚÂ{F~2nq`n¸j]\xzt{:r
Im =
[
m∑
k=1
zk
dm−k+1
,
m∑
k=1
zk
dm−k+1
+
1
dm
)
}or½{hLn¸os,jX]xpFrq]p:³@{B¥¡Í\Ï4¥¦¥¡Q§ ¨²¨©F B¾L]\ivoxn¸os,n¸S} {:xjnq\vor½{:xÃjX]
φ
Ú©n¸xx]k~2v\n¸lon¸r¸n¸j¤h·p:³<jX]
Ç{:x´pz^!X {:n¸
(Yn)
¾2{FkkpFx~2n¸osjp`~o]Q¶on¸jnqpFiÃstn¸z]\·n¸ÇÈ]\hL¼{:~W@¿/]k]k~2nq] 'ï:* º f4po¾jX]
r½{¿#p:³ r½{:xs]vo[,lV]\xXpFrq~oi¾2³¬pFx{:h¼_ÃpFx]\r(i]\j
E
¿mn¸jX
π(E) > 0 ºWYXonqiÃ]2}<]k\j]k~x]kivor¸jÃ¿mn¸r¸r<l<]vi!]k~Sn¸Åi]k\jnqpFÆ`jp,X {:~2rq]]\[B}on¸xnq{:r [^]{Fivox]ki{Fi!ip:Ú
\n½{:j]k~Æ¿mn¸jX
UN
π̂N (B) 56/7= 1
N
N∑
j=1
 
{Xj∈B},
³¬pFx{:xlon¸jx!{:xhÅ_YpFx]\r@i]\j
B ∈ B(S) º `FÏL  F¥	  ªI S¡Q§¦ª¬F§%WYX]{:xstvo[^]\j²hLnq]\rq~2n¸os`]kuLv {:jnqpF®­c º   ±(x]\r¸nq]ki]kii!]\jn½{:r¸r¸h
pF jX]®]\xsp4~2nqÆjX]kpFx]\[ {:}o}or¸nq]k~&jp
(Zn)
º aÂjSnqiS]kk]kii!{:xh¾{:[^pFosÀpFjX]\xSjXon¸osi¾jp
]kijn¸[S{:j]ÅjX]¼r¸n¸[Bn¸jn¸osD}oxpFl {:lon¸r¸n¸j¤h p:³{i!{:[B}orq]¼} {:jX ­¬{Fi!ipL\n½{:j]k~À¿mn¸jX
Y∞
±,l<]\n¸osDn¸
{
d
ÚÂ{F~2nqn¸j]\xzt{:rYp:³in¸Ê]
d−n º WYX {:jnqi¾(³«pFx{:h i!]kuv]\k] z = (zn . . . , z1) ∈ An ¾¿Ã]kpF[B}ovoj]
I 5687= lim
n→∞
1
n
π(Zn = zn, . . . , Z1 = z1).
­c º t±
ß(ß æ
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Ë pFx (Zn) i!{:jnqic³«hLn¸osÅjX]
   SkpF~2n¸jnqpFE¾(¿mn¸jXpFvoj`³JvoxjX]\xkpFijx!{:n¸j¾jX]\x]Snqi\rq]{:xr¸h
pFjm[,vXÈXpF}V]p:³ s]\jjn¸os{jx!{F\j!{:lorq]`\rqpti]k~¼³¬pFx[`vor½{Bn¸ ­c º t± º
bjX]pFjX]\xYX {:~ ¾2n¸jX]{Fi]
(Zn)
³¬pFx[ {:·]\xsp4~2nqÇÈ{:x´pÁzX {:n¸Æp:³@¶xijÃpFx~o]\x¾
¿Ã]ÆkpF[^]Ævo}&¿mn¸jX {À¥¡@Î¨«ª :¡×¡\§ ¨«¥cQ£ t¾Y{×´]\hÀuLv {:jn¸jÂh n¸ jX]ÅjX]kpFxh p:³r½{:xs]Æ~o]\z4n½{1Ú
jnqpFi º W(p{kzpFnq~voo]kk]kii!{:xh,j]kXoonq{:r¸n¸jnq]ki¾LjX]Ãjx!{:in¸jnqpFB[S{:jxn p:³ (Zn) ¿mn¸r¸r2l<]/j!{:´]\ijxnq\jr¸h}Vptin¸jn¸z] º ¯ÃpFinq~o]\xjX]²kpFi]k\vojn¸z]/} {:n¸xi ZnZn−1, . . . , Z2Z1  jX]\h`{:rqip³«pFx[ {:]\xspFstnq,ÇÈ{:x´pÁzÅX {:n¸
(Wn)n≥0
¾o¿mn¸jX®ij!{:j]i} {Fk] A2 ¾ojx!{:in¸jnqpF®[S{:jxn  R 56/7= [r(i, j)]{:~Æn¸zt{:xn½{:j[^]{Fivox]~o]\pFj]k~Ålh
ζ º WYX]\O­c º t±Ãstn¸z]ki
I =
∑
(i,j)∈A2
ζ(i, j) log r(i, j),
­c º   ±
¿mX]\k]jX]³«pFr¸rqpÁ¿mn¸osØ{:vi~opFxcÙ×~2n¸[^]\inqpF
β = − 1
log d
∑
(i,j)∈A2
ζ(i, j) log r(i, j).
_/h¼]2j]\~2n¸os^jX]{:xstvo[^]\jn¸ ' )+*¤¾opF]{:®{:rqip^{F!Xonq]\z],{,¶]\x[,vor¸jnÎ³Jx!{F\j!{:r {: {:rÎÚ
h2inqi º  ]\j!{:n¸rqi{:x]`pF[Bn¸jj]k~ º
!    
 '   8"# '"  
aÂjnqim}<ptiin¸lorq]jp^stn¸z]`{Sin¸[B}orq]\xn¸j]\xnqpFÈj]\r¸r¸n¸osS¿mX]\È{¯m°|#X {FilV]k]\¹pFloj!{:n¸]k~Æ³«xpF[
{: n º n º ~ º i!]kuv]\k] ºÀ» Xon¸rq]Åin¸[B}orq]t¾/jXonqiBx]kivor¸jBstn¸z]kiBxnqi]¼jpn¸Lj]\x]kijn¸os6{:}o}or¸nq{:jnqpFi¾
loxnq]	h¼}ox]ki]\Lj]k~ÅX]\x] º
 ]\j B(S) ~o]\pFj]jX] σ Ú¬¶ ]\rq~Åp:³ _YpFx]\r<i!]\ji/n¸ S º WYX]pF]QÚ©jp:Ú¤pF][S{:}o}on¸osBl<]\j¤¿Ã]k]\jX]i!]\jp:³}<ptiin¸lorq]i]kuLv]\k]ki{:~¼}<pFn¸jip:³
S
ivosts]kijijp^{:lovi]ir¸n¸stXjr¸h¼jX]pFj!{:jnqpF
{:~Æ¿mxn¸j]t¾2³«pFx{:Lh·¶on¸j]¿/pFx~
w = u1 . . . uN
{:~¼³«pFx{:LhÅ_ÃpFx]\r(i]\j
B ∈ B(S) ¾
Bw 5687= TuN ◦ · · · ◦ Tu1(B). ­c º )±
WYXonqi~o]Q¶on¸jnqpF¹\rq]{:xr¸hÅkpFn¸\nq~o]ki¿mn¸jX6­c º ±Y¿mX]\ B = S º
É iivo[^]ÅjX {:j U nqi·{ ij!{:jnqpF {:xh ]\xsp4~2nq¹i]kuLv]\k]t¾{:~ rq]\j π l<]ÆjX]¹ij!{:jnqpF {:xh~2nqijxn¸lovojnqpFSp:³Vn¸ji²¯m°|&pF
S º WYX]m]4nqij]\k]mp:³ π nqi{~2n¸x]k\j/{:}o}or¸nq{:jnqpF·p:³ f4]k\jnqpF® º n¸·jX]8voon¸jÃi!]\st[^]\j{Fi]{:~SjX]³¬pFr¸rqp¿mn¸osB}oxpF}<]\xj¤hSp:³
π
¿mn¸r¸r<lV]vi]Q³«vorn¸·jX]i]kuLv]\r º

	 2¡Q¨©t¨«ª¬F§F¥@B¥F§  F  k¡kÏo¡Q§VÍ!¡
U
ª½ª %¸ª %  %Eª `F§  F§: ^ª 
π(Bu) = π(B)π(Su), ∀u ∈ A, ∀B ⊂ B(S). ­c º ±
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ t
   ¯/X {Fpti,°{:[^]^|]\}ox]ki]\j!{:jnqpFOp:³ÃjX]Btttt¼¶xijv\rq]kpFjnq~o]kip:³¯/XoxpF[^p:Ú
ipF[^],p:³ F ^ <¦£ª©¡Q§o^­JXpF[^i!{28n¸¼W{:lorq] º Á±ÃpF¼jX]rq]Q³«j¾o{:~¼p:³¨«¥¡¤£ 9
¨©F  tÍ¦¡¦*Á¡@ ª«Í!Ît¥Å­«i!kpL]Á±ÃpFÆjX]xn¸stXj º
É ¯ ° W 
 - - - -q0q1 q2q3q4 q5q6 q7 q8q9 q10
r r r r rq q q q q q q q q q q q q q q q	




	



   ¯/X {Fpti°{:[^]·|]\}ox]ki!]\j!{:jnqpF p:³jX]®Å¶xij,Lv\rq]kpFjnq~o]kiBp:³ 0%* ª8s]\]
jXox É ­ É W°¯m° É °W°W±mpFÅjX]voon¸ji]\st[^]\j
ß(ß æ
<:=?>@=BA
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 Y¥c % » X]\ U X {Fin º n º ~ º kpF[B}<pF]\jiÁ¾²jX]¼]\z]\j {Xn+1 ∈ Su} = {un+1 = u} nqin¸~o]\}<]\~o]\j8p:³jX]`]\z]\j {Xn ∈ B} º Ø8]\k]t¾@­c º ±Ãn¸[B}or¸nq]ki
P(Xn+1 ∈ Su)P(Xn ∈ B) = P(Xn+1 ∈ Su, Xn ∈ B) = P(Xn+1 ∈ Bu).
¯ÃpFz]\xi]\r¸h¾t{Fiivo[^] jX {:jÃ­c º ±VXpFrq~oi({:~}onq!´{:{:xlon¸jx!{:xh¶on¸j]²i]kuv]\k] v1 . . . vN ºWYX]`XpFnqk]
u = vN
{:~
B = Sv1 . . . vN−1
hLnq]\rq~oi
π(Sv1 . . . vN ) = π
(
(Sv1 . . . vN−1)vN
)
= π(Sv1 . . . vN−1)π(SvN ),
{:~ ¾jXoxpFvostX¹{Bijx!{:n¸stXLjc³«pFx¿Y{:x~Æx]k\voxx]\k]`i!X]\[^]t¾
π(Sv1 . . . vN ) = π(Sv1)π(Sv2) · · · π(SvN ).
fLn¸k]
v1 . . . vN
nqi{:xlon¸jx!{:xh¾jX]x!{:~opF[ i]kuLv]\k]
U
nqimn º n º ~ º
WYX]8¶xijmnq~o]{BkpF[Bn¸os^jp[Bn¸~Åjp[S{:´]`w*xpF}Vptin¸jnqpF  º }oxp:¶j!{:lorq]nqimjpBkpFijxv\j
{Bj]kijp:³*n¸~o]\}V]\~o]\k]`³¬pFx{Bij!{:jnqpF {:xhÆi]kuLv]\k]p:³*rq]\jj]\xin¸ A º WYXonqinqijX],ivol2y]k\jp:³²f4]k\jnqpF¹2¾o¿mX]\x]`ÇÈ{:x´pÁz¼!X {:n¸ip:³{:xlon¸jx!{:xhÅpFx~o]\x¿mn¸r¸r({:rqipl<]kpFinq~o]\x]k~ º
 ]ki!X {kzt{:o]Æ¡\¨m/% ' 3*(vi]`jX]¯m°| ¿mn¸jX×{Bz4nq]\¿#jpS!X {:x!{F\j]\xn¸Êkn¸os®{:~®\r½{FiinÎ¶os
i}V]k\nq]ki º WYX]\h {:xstv]ÅjX {:jSjXonqiSi}<]k\nÎ¶ \n¸j¤h p:³s]\pF[BnqÆijxv\jvox]Ænqi^jX]ÆkpFi]kuLv]\k]
p:³]\z4n¸xpFo[^]\j¼{F\jnqpF&pF jX]ÅpF]ÅX {:~ ¾m{:~ p:³ijxv\jvox]ÆkpFijx!{:n¸LjiÈ­Jx]\}or¸nq{:jnqpFE¾
x]\} {:n¸xn¸os¾ x]kkpF[`lon¸ {:jnqpF±pFÅjX]pFjX]\xX {:~ º
É  {:r¸h2inqi@p:³o¿ÃpFx~³«x]kuv]\\h`{:rqpFos{ms]\]Ã{:rqipXon¸stXor¸n¸stXLjiin¸[Bn¸r½{:xn¸jnq]ki {:~,~2nÎÙ<]\x]\k]ki
l<]\j¤¿Ã]k]\¹]{F!X®i}<]k\nq]ki º  {:xr¸n¸¹{:~Æ_Ãvoxs]-'¸Á3*{:~   {:xr¸n¸{:~ÅÇ®x:Ê]\´ 'ït+*@vi!]}oxp:¶rq]
p:³  ªJ§ÏoÍ q¡t¨«ª  ¡¼¥¡@¸t¨«ª F¡Å   Ï4§  F§VÍ!¡·zt{:r¸v]ki{Fi{Ås]\pF[Bnq¼in¸st {:jvox] º WYX]\hDiXp¿jX {:j
jX]zF{:xn½{:jnqpFÈp:³ ¿ÃpFx~Å³«x]kuv]\\h¼l<]\j¤¿Ã]k]\¹s]\]kip:³{Bstn¸z]\®i}<]k\nq]kinqii[S{:r¸rq]\xjX {:Æ³¬pFx
s]\]kip:³ ~2nÎÙ ]\x]\j8i}V]k\nq]kiÁ¾{:~Ålovon¸rq~Å}oXh4rqpFs]\]\jnqjx]k]kil {Fi]k~ÅpFÆjX]ki]}oxp:¶rq]ki º
a¤6jX]^j]\x[^ip:³w*xpF}Vptin¸jnqpF  º t¾ ~2n¸Lv\rq]kpFjnq~o]¼x]\r½{:jn¸z]·{:lovo~{:k]³¬pFx`v\rq]kpFjnq~o]
uv
{:Æl<]¿mxn¸jj]\
ρuv 56/7= π(Suv)
π(Su)π(Sv)
.
­c º tÁ±
aÂjmnqimjX]\x]Q³¬pFx]j]\[B}ojn¸osSjpB~o]Q¶],{[^pFx]s]\]\x!{:rY²¢9   :¡  ¥¡@¸t¨«ª  :¡   Ï4§  t§Í!¡{Fi
ρ(B, v) 56/7= π(Bv)
π(B)π(Sv)
,
­c º ±
¿mXonq!X jxn¸z4n½{:r¸r¸h×i!{:jnqic¶ ]ki
ρ(Su, v) = ρuv
º f4]k\jnqpF6Ænqi`~o]\zpFj]k~ jpÅj]kijn¸osÆjX]S}V]\xc³¬pFxcÚ
[S{:k]`p:³jXonqim]\¿#x!{:jnqp º
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 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
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ª«¸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      B "& 
,' " (
   "
  
 '  ( 
» ]kpFinq~o]\xmjX]{Fi]8¿mX]\x] U = u1, u2, . . . nqi{i]kuLv]\k]p:³ n¸~o]\}V]\~o]\Ljx]{:r¸n¸ÊÁ{:jnqpFip:³,{Dx!{:~opF[ zF{:xn½{:lorq]
u
¾Yj!{:´4n¸os6n¸jizF{:r¸v]kin¸ A = {0, . . . , d − 1} º WYXonqi¼in¸jv {:jnqpFkpFxx]ki}VpF~oijpBjX]`]\zpFr¸vojnqpF]kuLv {:jnqpFO­c º ±Ã³¬pFxjX],ÇÈ{:x´pÁzÆX {:n¸ (Xi)i≥0 º  ]\j F =
{F i, i ≥ 0}
¿mX]\x] F i nqimjX] σ ÚÂ{:r¸s]\lox!{^p:³ jX]]\z]\jipLk\voxxn¸os^vo}®jpjn¸[^] i ºa¤j ¿Ã{Fi²iXp¿mBn¸f4]k\jnqpFÆ º 8jX {:j Xn kpFLz]\xs]ki/{:r¸[^ptijivox]\r¸h`jp{x!{:~opF[ zt{:xn½{:lorq]
X∞
º f4pF[^]}ox]\r¸n¸[Bn¸ {:xhÈx]kivor¸ji{:l<pFvoj8jX]~2nqijxn¸lovojnqpF π p:³ X∞ {:x]pFloj!{:n¸]k~Èn¸jX]]2j}oxpF}<ptin¸jnqpFE¾@stn¸z4n¸osÆn¸D} {:xjnq\vor½{:x,jX]^]{F\jØ
	Frq~o]\x`]2}<pF]\j,p:³
π
{:j
x = 0
¾@n¸
{:stx]k]\[^]\Lj¿mn¸jXÆjX],{Fii]\xjnqpFim}ox]ki]\Lj]k~®]{:xr¸nq]\x º

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Φ(t)
 ¡Q§t¨¤¡¨J2¡8ÍQ2F¥cÍk¨¤¡Q¥Qª½\¨«ª«Í QÏL§VÍk¨«ª«t§¼¨J2¡  ª½\¨«¥¦ª   Ï2¨«ª«t§¼
X
%
 o¡Q§
Φ(t) =
+∞∏
j=0
g(ρjt),
*ª«¨J
g(t) 5687= ∑
v∈A
pve
iρt`v
t§ 
pv 56/7= P(u1 = v). ­¬ º Á±
 Y¥c %aÂjmn¸[B[^]k~2n½{:j]\r¸h³¬pFr¸rqp¿i³JxpF[ ­c º ±ÃjX {:j
E
[
eitXj+1
∣∣∣ F j
]
=
∑
v∈A
eitρ
(
Xj+`v
)
E
[  
{uj+1=v}
∣∣∣ F j
]
= eiρtXj
∑
v∈A
eitρ`v P(uj+1 = v|F j).
 ]\j
Φj(t) 56/7= E[eitXj ] º fLn¸k]jX]zF{:xn½{:lorq]ki {ui, i ≥ 1} {:x]n¸~o]\}<]\~o]\j¾pF]X {Fi
Φj+1(t) = g(t) Φj(ρ t)
n º ] º Φj+1(t) = Φ0(ρj+1t)
j∏
k=0
g(ρkt).
­¬ º ±
WYX]i]kuLv]\k]p:³Y{: {:r¸h4jnq³Jvo\jnqpFi
Φj(t)
kpFz]\xs]ki`jpjX],³«vo\jnqpF
Φ(t)
~o]Q¶]k~lh
­¬ º Á± º a¤~o]k]k~ ¾ojX]r¸n¸[Bn¸jp:³jX]n¸2¶on¸j]`}oxpL~2v\jn¸ ­¬ º ±Y]4nqijimlV]k{:vi!]jX]i]\xnq]ki
+∞∑
j=0
∣∣∣
(∑
v∈A
pve
iρj t`v
)
− 1
∣∣∣
kpFLz]\xs]ki º
ß(ß æ
<:=?>@=BA
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ÈF¥ÍEFcÌFÏ2¨¬¨¤¡¦
WYX]³Jvo\jnqpF
g(t)
nqi,{¼jxn¸spFpF[^]\jxnq}VpFr¸h4pF[Bn½{:r/p:³~o]\stx]k]
d − 1 º  ]\j`vi,~o]Q¶]jX]}<pFr¸h4pF[Bn½{:r
p(x) 56/7= ∑
1≤i≤d
pix
i−1.
WYX]\
g(t) = p
(
eiρt
) ¾L¿mX]\x]
p
³¬{F\jpFxn¸Ê]kiY{Fi/jX]}oxp4~2v\jÃp:³
d−1 }<pFr¸h4pF[Bn½{:rqi/p:³@~o]\stx]k]
1 º aÂ pFx~o]\xÅjpOijv~2h jX]×{FihL[B}ojpFjnql<]\X {kz4nqpFxÅp:³ Φ(t) ¾n¸j¼nqi·jX]\x]Q³«pFx]×]\pFvostXjpkpFinq~o]\x{l {Finqn¸2¶on¸j]}oxp4~2v\jp:³ jX]³¬pFx[
P (t) =
+∞∏
j=0
(
1 − a + aeiρj+1t
)
,
­¬ º ±
¿mX]\x]
a
nqiÃ{`kpF[B}orq]Svo[,lV]\xÃ¿mn¸jX <(a) ≤ 12 º
a¤~o]k]k~ ¾Lvo}jp`x]\}or½{F\n¸os
a
lLh
1−a ¾pF]
{:È{Fiivo[^] ∣∣∣ a1−a
∣∣∣ ≤ 1 º
 ]\jviivo}o}Vpti] <(a) < 12 º
a¤ÅjX]`} {:xjnq\vor½{:x{Fi] A = {A,C,G, T} ¾VjXonqi{Fiivo[B}2ÚjnqpF®XpFrq~oimnÎ³
pA − pC + pG − pT 6= 0,
pA(pA − pG) 6= pT (pT − pC)
pFx
pA − pG > pT , pT − pC > pA.
Ø8p¿Ã]\z]\x¾@¯/X {:xs{1ÙÛÜii!]kkpF~®xvorq]`³«pFx  $É i]kuLv]\k]kiij!{:j]kijX {:j pA = pT ¾ pC = pG ¾¿mXonq!X,[^]{:i(jX {:jX]\k]¿/]/]k]k~jpspm³«voxjX]\x(n¸,jX]²ijv~2hp:³ojX]Ã{FihL[B}ojpFjnq/l<]\X {kz4nqpFx
p:³
Φ(t)
¿mX]\ <(a) = 12 º
       @¡\¨/ÏLªI§ ¨«¥  ÏoÍ!¡¨J2¡ (¡Q¥cÍ\¦Ï4§Ík¨«ª¬F§
Φ̂(z, s, v) 5687=
∞∑
k=0
zk+1
(v + k)s
,
 o¡Q¥¡ −v 6∈ N t§  |z| < 1 F¥ |z| = 1 F§  <(s) > 1 %  2¡\§ kF¥`  σ1 > 0  /¡4  :¡
log P (t) = Res(Ft, 0) +
∑
k∈Z∗
Res(Ft, θk) +
1
2iπ
∫ σ1+i∞
σ1−i∞
Ft(θ) dθ
­¬ º L±
 o¡Q¥¡
Ft(θ) 56/7= 1
ρθ − 1Γ(θ)Φ̂
( −a
1 − a, θ + 1, 1
)
e
iθπ
2 t−θ.
  
		    
log P (t) =
log(1 − a)
log ρ
log t + O(1).
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ 
w*xpLp:³¬ip:³*WYX]kpFx]\[  º B{:~¹¯ÃpFxpFr¸r½{:xhÆ º ^{:x]stn¸z]\Æn¸ É }o}<]\~2n  É,º
  
		     
log Φ(t) =
log p0
log ρ
log(t) + O(1).
 Y¥c %¯ÃpFxpFr¸r½{:xh, º 8nqi{~2n¸x]k\j kpFi]kuv]\k]Yp:³V¯ÃpFxpFr¸r½{:xh, º 2¾Fvin¸osjX]Ã~o]kkpF[B}Vptin¸jnqpF
p:³ jX]}<pFr¸hLpF[Bn½{:r
p(t) º
  
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 ]\j
H0
¾
Hm
{:~
H
x]ki}<]k\jn¸z]\r¸h¹~o]\pFj]jX]XLhL}<pFjX]kinqi -
UN = u1 . . . uN
ªIt§Dª %qª %  %
¡\Ï¡Q§Í!¡ /!¾ -
UN
ª½× 
Èt¥:  OÍQ4tªI§t¥  ¡\¥
m
/×{:~*-
UN
ª½×ÀQ¨©¨«ª«F§VF¥?&¡Q¥¬Ì  ª«Í
¡\Ï¡Q§Í!¡ / º/» ]kpFinq~o]\xjX]}oxpFlorq]\[ p:³j]kijn¸os H0 {:s{:n¸ij H \ H0 ¾2jX]\ Hm {:s{:n¸ij
H \ Hm º
   " 3
@ !"#  
  
3
H0
'+ '" +
H \ H0
wxpF}Vptin¸jnqpF6 º ivosts]kijimvin¸osS{x]çyc]k\jmx]\stnqpFÈp:³jX]8³¬pFx[
∣∣∣π̂N (Su)π̂N (B) − π̂N (Bu)
∣∣∣ > ε.
W(pSlovon¸rq~{:×{FihL[B}ojpFjnq,j]kijp:³rq]\z]\r
α
¾ ¿Ã],iX {:r¸r {F~:ycvij
ε
lLhÆvi],p:³jX],k]\Ljx!{:rr¸n¸[Bn¸j
jX]kpFx]\[ º WYXonqinqi~opF]n¸ÅjX]³«pFr¸rqpÁ¿mn¸osSjX]kpFx]\[ º
     @¡k¨
uα
  ¡¨J2¡
(1 − α2 )
9\ÏoF§ ¨«ª ¸¡¼^¨J2¡B§VF¥¦ ^¸ ¨J2t¨ªI^¨©Åk®¨J2¡
¥¡
uα
QÏ2Í\Å¨J2t¨
P (|Y | > uα) ≤ α
 2¡Q¥¡
Y
4:`S§F¥Q ^  ªIQ¨«¥Qª   Ï2¨«ª¬F§%  ,¡ 1§V¡ \
σ̂N (B, u) 56/7=
√(
π̂N (Su)
(
1 − π̂N (Su)
))(
π̂N (B)
(
1 − π̂N (B)
))
.
 o¡Q§È¨Jo¡¡\¨
{∣∣∣π̂N (Su)π̂N (B) − π̂N (Bu)
∣∣∣ > uα
σ̂N (B, u)√
N
} ­¬ º Á±
ªI¥¡k¡Ík¨*¥¡¬ÌFª¬F§¹¨¤¡QQ¨*8F?F £V¨©t¨«ª¬Í2q¡	 :¡ 
α
 8¨J2¡§Ï!   ¦£2t¨J2¡Q¦ªI
H0
ÌFªJ§o\¨(¨J2¡
 !£ot¨J2¡¦Qª½
H \ H0
²¨J4t¨/ª½¨©^\
lim
N→+∞
PH0
(∣∣∣π̂N (Su)π̂N (B) − π̂N (Bu)
∣∣∣ > uα
σ̂N (B, u)√
N
)
≤ α,
ß(ß æ
<:=?>@=BA
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WYX]}oxpLp:³*p:³*WYX]kpFx]\[  º nqimstn¸z]\Æn¸ É }o}<]\~2n Å_ º
a¤ WYX]kpFx]\[  º t¾/pF]ÅX {Fijp×Xp4pti]®{ÈLv\rq]kpFjnq~o] u {:~&{i!]\j B ⊂ B(S) º WYX]!XpFnqk]`p:³ jX][^ptijivon¸j!{:lorq]
B
{:~
u
~o]\}<]\~oipFÆjX]r½{¿
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∑
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√
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√
π̂N (Su)π̂N (B)
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∑
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Xj+1 ∈ Bwu
∣∣ F j
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= P
[
Xj−m ∈ B,Xj ∈ Sw,Xj+1 ∈ Su
∣∣ F j
]
=
 
{Xj−m∈B}
 
{Xj∈Sw}P
[
Xj+1 ∈ Su
∣∣ F j
]
=
 
{Xj−m∈B}
 
{Xj∈Sw}
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¿mn¸jX
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B = Sv−n . . . v−m−1
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π(Sv−n . . . v0) =
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π(Sv−n . . . v−1)
{:~ÆjX]\x]Q³«pFx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π(Sv−n . . . v0)
π(Sv−n . . . v−1)
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π(Sv−m . . . v0)
π(Sv−m . . . v−1)
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∑
wu∈Am×A
1≤i≤k
RN (Bi, w, u)
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6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]\j B ¾{in¸[Bn¸r½{:x}oxp4p:³ hLnq]\rq~oi
∑
wu∈Am×A
RN (B,w, u)
2 L
 χ2
(
4m(k − 1)
)
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]kuv]\k]kip:³Ãrq]\ostjX N p:³YpFx~o]\x d ÇÈ{:x´pÁzÈ!X {:n¸i¾j!{:´4n¸osÅn¸j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{B1, . . . , B4}
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(
N(uvw) − N(uv)N(vw)/N(v.)
)2
N(uv)N(vw)/N(v.)
.
 ivox}oxnqin¸ostr¸hÅw]{:xipF¹ij!{:jnqijnqkistn¸z]kijX]lV]kijmx]kivor¸jin¸®pFx~o]\xjp^~2nqijn¸ostvonqiXÈpFx~o]\x
1
ÇÈ{:x´pÁz¹!X {:n¸i³«xpF[
pFx~o]\x
2
¾ {Fi8¿/]\r¸r{Fi[Bn 2]k~pFx~o]\x
2
~o]Q¶]k~Èn¸ ­¬ º ± º ØpÁ¿/]\z]\x
jX]¯m°|Ú©l {Fi]k~¼j]kijYnqiYz]\xh]QÙ ]k\jn¸z]n¸ÅjX]8} {:xjnq\vor½{:xi]\jmp:³([Bn o]k~ÅÇ{:x´pz¼X {:n¸ip:³
pFx~o]\x
> 2 º
7 # 
  "#  " + '
  

WYXonqi8i]k\jnqpF¹nqi~o]\zpFj]k~¹jpS]\zt{:r¸v {:jn¸os¼jX]}<]\xc³«pFx[S{:k]p:³Ã¯m°|mÚ©l {Fi!]k~Æx]\r½{:jn¸z]{:lovo2Ú
~{:k] ­c º ±¼{FiÅ{ ¿Ã{kh jpÀX {:x!{F\j]\xn¸Ê]  $8É i]kuLv]\k]ki º   {:xr¸n¸e{:~ Ç®x:Ê]\´ 'ï2@*¤¾
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ t
¯Y{:[B}ol<]\r¸r¡\¨8&% 'ï+*²ijv~2h®jX]}oxp:¶rq]Bp:³m~2n¸v\rq]kpFjnq~o]^x]\r½{:jn¸z]S{:lovo~{:k]^p:³Ã~2nÎÙ ]\x]\j
 $8É i]kuLv]\k]ki º WYXonqi}oxp:¶rq]nqimjX]i]\jp:³{:r¸r
ρ̂uv 5687= π̂N (Suv)
π̂N (Su)π̂N (Sv)
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arabidopsis thaliana
orysa sativaViridiplantae
schizosaccaharomyces pombe
yarrowia lipolyticaFungi
caenorhabditis elegans
Metazoa
Diptera
Amniotea
anapheles gambia
drosophila melanogaster
gallus gallus
Eutheria
homo sapiens
mus musculus
rattus norvegicus
plasmidium falciparum
Alveolata
Eukaryota
mycobacterium bovis
streptomyces avermitilis
streptomyces coelicolor
Actinobacteria
bacillus cereus
bacillus halodurans
Firmicutes
bradhyrhizobium japonicum
caulobacter crescentus
mesorhizobium loti
vibrio parahaemolyticus
Probacteria
Methanosarcina
methanosarcina acetivorans
methanosarcina mazei
sulfolobus solfataricus
Archae
Bacteria
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A(0, 0)
C(0, 1)
T (1, 0)
G(1, 1)
B1 B2
B3 B4
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∑
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1
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∑
v∈A
∣∣ρ̂i(Bk, v) − ρ̂j(Bk, v)
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     oxp4pFj]k~Èr¸n¸]{:s]jx]k]kilovon¸r¸j8vin¸os·jX] $ ,w  b8W[^]\jXp4~È³«xpF[ jX]~2n¸v2Ú
\rq]kpFjnq~o]x]\r½{:jn¸z]{:lovo~{:k]~2nÎÙ<]\x]\k]ki­JjpF}±/{:~jX]¯m°|Ú©l {Fi]k~x]\r½{:jn¸z]
{:lovo~{:k]~2nÎÙ<]\x]\k]ki²p:³ ­Jl<pFjjpF[±(³«pFx{:r¸rojX]Yi]kuLv]\k]kip:³V_m{F\j]\xn½{ º » n¸jX
jX]·¯m°|,¾ jX]
3
stxpFvo}i ²ªJ¥¦ ª¬Í\Ï4¨¤¡QQ¾ Ã¥   Ík¨¤¡\¥¦ª¬D{:~ Ík¨«ªJ§   Ík¨¤¡Q¥Qª«D{:x]
~o]\[S{:x{:j]k~ ¾L¿mX]\x]{Fi ²ªI¥Q ª«ÍkÏ4¨¤¡¦{:}o}V]{:xiY{Fi/{³¬{:[Bn¸r¸hBp:³(Ík¨«ªJ§   Ík¨¤¡Q¥Qª«^n¸
jX]jpF}Åjx]k] º
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     oxp4pFj]k~År¸n¸]{:s]jx]k]kilovon¸r¸jvin¸os^jX] $ ,w  b8W#[^]\jXp4~¼³«xpF[ jX],¯m°|Ú
l {Fi]k~Æx]\r½{:jn¸z]{:lovo~{:k]~2nÎÙ<]\x]\k]ki8p:³²W({:lorq], º S¿mn¸jX×{Bx]\stvor½{:x 10 × 10} {:xjn¸jnqpF®p:³jX]voon¸jiuLv {:x] º
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 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P (t)
 ¡ 1²§V¡  ªJ§  %   m\t¨«ªI 1Y¡¦²¨J2¡k Î*ªJ§LÌ¡\Ïot¨«ª¬F§
kF¥ −1 < σ < 0 
log P (t) =
1
2iπ
∫ σ+i∞
σ−i∞
1
ρθ − 1Γ(θ)Φ̂
( −a
1 − a, θ + 1, 1
)
e
iθπ
2 t−θ dθ.
­ É,º Á±
 Y¥c %WYX]}oxp4p:³*x]\r¸nq]kipF¹{^Ç¹]\r¸r¸n¸¹jx!{:ic³«pFx[ {:xstvo[^]\j º  ]\jvi*ycvijx]k{:r¸r@jX]`~o]Q¶oÚ
on¸jnqpF º WYX]`ÇÈ]\r¸r¸n¸¹WEx!{:i³«pFx[ f∗(s) p:³²{^kpF[B}orq]4Ú©zt{:r¸v]k~®³«vo\jnqpF f(x) ~o]Q¶]k~¹pÁz]\xjX]}<ptin¸jn¸z]x]{:r@r¸n¸]nqi
M[f(x); s] 5687= f∗(s) 56/7=
∫ +∞
0
f(x)xs−1 dx
¿mn¸jX
s
l<]\n¸os{8kpF[B}orq]`Lvo[`l<]\x º WYX]ÃÇÈ]\r¸r¸n¸jx!{:ic³«pFx[ {:r¸rqpÁ¿i jX]²x]k~2v\jnqpF^p:³k]\xj!{:n¸
³«vo\jnqpF {:r<]kuv {:jnqpFiÃjp,{:r¸s]\lox!{:nqpF]ki º WYX]vi]Q³«vor¸]kii/p:³EjX]Ç¹]\r¸r¸n¸·jx!{:ic³¬pFx[ij]\[^i
³¬pFxÃn¸ji{FihL[B}ojpFjnq}oxpF}<]\xjnq]ki º WYX]\x]nqim{~2n¸x]k\jm[S{:}o}on¸osBlV]\jÂ¿/]k]\¹{FihL[B}ojpFjnq]2} {:2Ú
inqpFip:³²{³«vo\jnqpF¹]{:xÊ]\xpSpFxn¸2¶on¸jÂh¹{:~ÆjX],i]\jp:³in¸ostvor½{:xn¸jnq]ki8p:³ jX]`jx!{:ic³¬pFx[
n¸ÅjX]`kpF[B}orq]¼}or½{:] º
$ pFj]jX {:j log P (t) nqi~o]Q¶]k~ ³«pFx t > 0 ¾*in¸k] log(1 − a + aeit) ´]k]\}ijX]i¦{:[^]~o]\j]\x[Bn¸ {:jnqpF·¿mX]\]\z]\x ∣∣∣ a1−a
∣∣∣ < 1 º Ë pFx −1 < θ < 0 ¾jX]ÇÈ]\r¸r¸n¸^jx!{:ic³¬pFx[p:³ log P (t)nqistn¸z]\Ælh
(log P )∗(θ) =
∫ +∞
0
+∞∑
j=0
log
(
1 − a + a exp
( it
4j+1
))
tθ−1 dt
=
1
ρθ − 1
∫ +∞
0
log(1 − a + aeiu)uθ−1 du.
É i{BkpFi]kuLv]\k]t¾on¸jmx]\[S{:n¸ijp^ijv~2h·jX]s]\]\xnquLv {:jn¸j¤h
k∗(θ) 56/7=
∫ +∞
0
log(1 − a + aeit)tθ−1 dt.
= − ia
θ
∫ +∞
0
eittθ
1 − a + aeit dt.
­ É,º ±
WYX]/i]kkpF~]kuv {:r¸n¸jÂhnqi@jX]/x]kivor¸jp:³{:`n¸j]\stx!{:jnqpFBlLh} {:xji º a¤~o]k]k~ ¾ log(1−a+aeit) nqil<pFvo~o]k~n¸
t
{:~
tθ −→
t→+∞
0
¾{:~
log
(
1−a+aeit
)
tθ −→
t→+0
0
¾:³¬pFx −1 < θ < 0 º Ç¹pFx]kpÁz]\x¾
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jX]®n¸j]\stx!{:rn¸ ­ Éº ±nqikpFz]\xs]\LjÅlV]k{:vi] t 7→ tθ nqi~o]k\x]{Fin¸osÀ{:~ }<ptin¸jn¸z]Å³¬pFx
−1 < θ < 0 º  ]kkpF[B}<ptin¸os^jX]³Jvo\jnqpF 11−u
n¸Æn¸jii]\xnq]ki]2} {:inqpFE¾o¿/]X {kz]
k∗(θ) =
ia
θ
∫ +∞
0
eittθ
1 − a
+∞∑
n=0
( −a
1 − a
)n
eint dt
= − i
θ
+∞∑
n=0
1
(n + 1)θ+1
( −a
1 − a
)n+1 ∫ +∞
0
eiuuθ du.
aÂj]\ivox]kimjX {:j
k∗(θ) = − i
θ
Φ̂
( −a
1 − a, θ + 1, 1
) ∫ +∞
0
eiuuθ du.
bÅjX]`pFjX]\xX {:~ ¾on¸jnqi]{Fihjp}oxpÁz]­«i]k]8³¬pFx]o{:[B}orq]  nq]\v~opFo '   *J±
∫ +∞
0
eittθ dt = e
(θ+1)iπ
2 Γ
(
θ + 1
)
.
Ø8]\k]t¾o¿Ã]pFloj!{:n¸Å³¬pFx −1 < θ < 0 ¾
k∗(θ) = Φ̂
( −a
1 − a, θ + 1, 1
)
e
iθπ
2 Γ(θ).
­ Éº ±
É kkpFx~2n¸osBjp,jX]{: {:r¸hLjnq]2j]\inqpF·jX]kpFx]\[Æ¾ojX]8}ox]\zLnqpFviY]kuLv {:r¸n¸j¤h·{:·l<]i}ox]{F~·jp
−1 < <(θ) < 0 º WYX]\¹Ç¹]\r¸r¸n¸EÛÜiYn¸Lz]\xinqpFÅ³¬pFx[`vor½{rq]{F~oimjpjX]8³¬pFr¸rqp¿mn¸osS]kuLv {:jnqpFE¾2³¬pFx
−1 < <(θ) < 0
log P (t) =
1
2iπ
∫ σ+i∞
σ−i∞
h∗(θ)t−θ dθ,
¿mX]\x]
h∗(θ) =
k∗(θ)
ρθ − 1 .
WYXonqi]kuv {:r¸n¸jÂh¾jpFs]\jX]\x¿mn¸jX6­ Éº Á±Q¾kpF\r¸v~o]`jX]}oxpLp:³*p:³  ]\[B[S{ Éº  º
 Y¥c,  2¡t¥¡Q   %  % » ]{:}o}or¸hÈjX]^x]kinq~2v]ki³¬pFx[`vor½{Æjp¼jX]³Jvo\jnqpF Ft {:rqpFos®jX]} {:jX
Γ
~o]\}onq\j]k~Ån¸ Ë n¸stvox] Éº  º a¤jY³¬pFr¸rqp¿ijX {:j
1
2iπ
∫ σ+i∞
σ−i∞
Ft(θ) dθ = −
∑
k∈Z
Res(Ft, θk) +
1
2iπ
∫ σ1+i∞
σ1−i∞
Ft(θ) dθ,
¿mn¸jX
θk = −2ikπlog ρ º
aÂ~o]k]k~ ¾ {FkkpFx~2n¸osSjp ,pFx~{:EÛÜirq]\[B[S{2¾
lim
R→+∞
∫
γ3
Ft(γ3(θ))γ
′
3(θ) dθ = lim
R→+∞
∫
γ4
Ft(γ4(θ))γ
′
4(θ) dθ = 0,
kpF\r¸v~2n¸osjX]}oxpLp:³p:³m­¬ º L± º
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σ σ1
0
γ4
γ3
Γ
>
<
R
−R
     a¤Lj]\stx!{:jnqpF®} {:jX
Γ
 Y¥c,S*F¥ ÎF¥@  %   %WYX]kpF[B}ovoj!{:jnqpF¼p:³ jX]mx]kinq~2v]{:j
θk = −2ikπlog ρ
­«in¸[B}orq]m}<pFrq]Á±Q¾
³¬pFx
k ∈ Z∗ ¾ {:~¼jX]x]kinq~2v]{:j 0 ­«~opFvolorq]}<pFrq]Á±Ãstn¸z]ki
Res(Ft, θk) =
Φ̂( −a1−a , θk + 1, 1)e
iθkπ
2 Γ(θk)(tρ)
−θk
log ρ
,
Res(Ft, 0) =
log(1 − a)
log ρ
log t + log(1 − a)
( γ
log ρ
+ 1 − iπ
2 log ρ
)
+
1
log ρ
+∞∑
k=0
( −a
1 − a
)k+1 log(k + 1)
k + 1
.
Ë pFx{:r¸r σ1 > 0 ¾
1
2iπ
∫ σ1+i∞
σ1−i∞
Ft(θ) dθ = o
(
t−σ1
)
.
Ø8]\k]t¾olLh·WYX]kpFx]\[
 º 2¾
log P (t) =
log(1 − a)
log ρ
log t + log(1 − a)
( γ
log ρ
+ 1 − iπ
2 log ρ
)
+
1
log ρ
+∞∑
k=0
( −a
1 − a
)k+1 log(k + 1)
k + 1
+
∑
k∈Z∗
Res(Ft, θk) + o
(
t−σ1
)
.
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» ]{:x]rq]Q³Jjm¿mn¸jXÆjX]`ijv~2h·p:³ jX]pti\n¸r¸r½{:jn¸osi]\xnq]ki
∑
k∈Z∗
e
−kπ
2 Γ
(−2ikπ
log ρ
)
t
2ikπ
log ρ
+∞∑
n=0
( −a
1 − a
)n+1 1
(n + 1)
−2ikπ
log ρ
+1
.
­ É,º L±
É i k → ±∞ ¾2jX]³«pFr¸rqpÁ¿mn¸os^¿/]\r¸r(´LpÁ¿m®]kuvon¸zt{:rq]\jXpFrq~oi
∣∣∣Γ
(−2ikπ
log ρ
)∣∣∣ ∼ e
kπ2
log ρ
∣∣∣
k
log ρ
∣∣∣
−1/2
.
f4pSjX]`i]\xnq]kin¸O­ Éº L±mkpFLz]\xs]kivoonÎ³«pFx[Br¸h¼³¬pFx k ∈ N ºY» X]\ k nqi{B]\s{:jn¸z],n¸j]\s]\x¾{[^pFx]}ox]k\nqi]`{: {:r¸h2inqimnqim]kk]kii¦{:xh º WYX]  ]\x!XÅ³Jvo\jnqpF¹X {FimjX]n¸j]\stx!{:r@³«pFx[
+∞∑
n=1
( a
a − 1
)n 1
niθk+1
=
1
Γ(θk + 1)
∫ +∞
0
ae−t
a − 1 − ae−t t
−i 2kπ
log ρ
log t dt.
WYX]n¸j]\stx!{:r@n¸ÅjX]r½{FijY³«pFx[,vor½{nqimjX]ivol2yc]k\jp:³jX]]2jrq]\[B[S{ º
      
∣∣∣
∫ +∞
0
e−iα log t
et − u dt
∣∣∣ = O
(e−θα
| α |
)
.
 Y¥c % É Ån¸j]\stx!{:jnqpF®lLh¼} {:xjih4nq]\rq~oi
∫ +∞
0
e−iα log t
et − u dt =
∫ +∞
0
te−iα log tet
(1 − iα)(et − u)2 dt.
f4]\jjn¸os
f(z) 56/7= ze
−iα log zez
(ez − u)2 ,
¿Ã]X {kz]
∫ +∞
0
e−iα log t
et − u dt =
1
1 − iα
∫ +∞
0
f(t) dt.
¯ÃpFinq~o]\xjX]`n¸Lj]\stx!{:jnqpF×} {:jXÈ~2x!{¿mÈn¸ Ë n¸stvox] Éº  º C nqijX],voonqpF×p:³jX]`} {:jXi
γ1
¾
γ2
¾{:~
γ3
º L nqimjX]voonqpF®p:³ jX]} {:jXi γ4 ¾ γ5 ¾ γ6 ¾ γ7 {:~ γ8 º » ]X {kz]
∫
C
f(z) dz = −
∫
L
f(z) dz.
WYX]\
lim
ε→0
δ→0
A→+∞
∫
C
f(z) dz = (e2πα − 1)
∫ +∞
0
te−iα log tet
(et − u)2 dt,
ß(ß æ
<:=?>@=BA
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hhhhhhhh
hhhhhhhh
hhhhhhhh
hhhhhhhh
hhh
XXX
XXX
XXX
XXX
XXX
XXX
XXX
XXX
XXX
XXX
XXX
XX
A
A
A
A
A
A






>
γ7
>
γ3
<
γ1
∨γ8
∨γ4
∨γ2
∧
γ6
&%
'$
6ε
δ
Ú
ξ
_
É
_
η
^
η
)θ
C
L
    aÂj]\stx!{:rE} {:jXi C {:~ L º
i!pjX {:j
∫ +∞
0
e−iα log t
et − u dt =
1
1 − iα
1
e2πα − 1 limε→0
δ→0
A→+∞
−
∫
L
f(z) dz.
W(p^ijv~2h·jX]`{Fih4[B}ojpFjnql<]\X {kz4nqpFxp:³
f(z)
pFÆjX]} {:jX
Γ
¾2¿/]`pFj]pFÆjX]pF]X {:~ ¾
lim
A→+∞
∣∣∣
∫
γ7
f(z) dz
∣∣∣ ≤ e( π2 +η)α
∫ +∞
−ξ
et | γ7(t) |
| et − u |2 dt.
­ É,º ±
bÅjX]`pFjX]\xX {:~ ¾on¸jnqi]{FihjpBi]k]jX {:j
lim
ε→0
A→+∞
∣∣∣
∫
γ6
f(z) dz
∣∣∣ = 0
{:~
lim
A→+∞
∣∣∣
∫
γ4
f(z) dz
∣∣∣ = 0.
ÇÈpFx]kpz]\x
∣∣∣
∫
γ5
f(z) dz
∣∣∣ ≤ e(2π−θ)α
∫ A
−ξ
et | γ5(t) |
(et− | u |)2 dt,
jX]8n¸Lj]\stx!{:r@pFÅjX]xn¸stXjcÚ©X {:~Æinq~o]l<]\n¸os^kpFz]\xs]\Lj¾¿mX]\k]jX]\x]]2nqiji{kpFij!{:j
C(u, ξ)
ivXÆjX {:j
lim
A→+∞
∣∣∣
∫
γ5
f(z) dz
∣∣∣ ≤ C(u, ξ)e(2π−θ)α.
WYXLvi  ]\[B[S{ É,º ³¬pFr¸rqp¿i º
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ 
)
°]\jjn¸os^jXoxpFvostXÆjX]r¸n¸[Bn¸j³«pFx
θ → π2
¯ÃpFxpFr¸r½{:xhÆ º ³¬pFr¸rqp¿i¾ in¸k]
∣∣∣
+∞∑
n=1
( a
a − 1
)n 1
niθk+1
∣∣∣ = O
( 1
| k |3/2
)
.
        
 
    
     §  ¡Q¥¨J2¡ ¦£2¨J2¡¦¦ªI
H0
²¨J2¡:@: £V¨©¨«ª«Í   ¡¦4  ª«t¥¨J2¡  ª ¡Q¥¡Q§Í!¡
DN (B, u) 5687=
√
N
(
π̂N (Su)π̂N (B) − π̂N (Bu)
)
ªI¨J2¡ \ ¸*ªI§4Ì %
DN (B, u)
a.s.∼ 1√
N
N∑
j=1
εj(u)Vj−1(B),
 o¡Q¥¡
εj(u) 5687=   {uj=u} − pu
F§ 
Vj(B) 5687= π(B) −   {B}(Xj) %
 Y¥c %  ~o]\xmjX]Xh4}VpFjX]kinqi H0 ¾2¿/]`ijv~2hjX],{FihL[B}ojpFjnqlV]\X {zLnqpFxp:³ jX]uLv {:jn¸jÂh
DN (B, u) =
√
N
((
π̂N (Su) − pu
)(
π̂N (B) − π(B)
)
− π̂N (Bu)
+ puπ̂N (B) + π(B)
(
π̂N (Su) − pu
))
,
¿mX]\x]
pu 5687= π(Su) = P(v1 = u) ¾lLh jX]¼ijxpFos×r½{¿ p:³r½{:xs]¼vo[,lV]\xi º WYX]\E¾jX]k]\Ljx!{:r@r¸n¸[Bn¸jjX]kpFx]\[ hLnq]\rq~oi
√
N
(
π̂N (Su) − pu
) L
 N (0, pu(1 − pu)).
WYXLvi¾:jX]²kpFLz]\xs]\k]/p:³ojX]²]\[B}on¸xnq{:r2]kijn¸[S{:j]t¾:jpFs]\jX]\x¿mn¸jXfLr¸voji´4hrq]\[B[S{2¾:]\ivox]
jX {:j
√
N
(
π̂N (Su) − pu
)(
π̂N (B) − π(B)
)
a.s.−→
N→∞
0.
­«_ º Á±
ß(ß æ
<:=?>@=BA
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aÂjmx]\[S{:n¸ijpBijv~2hjX]`{FihL[B}ojpFjnql<]\X {kz4nqpFxp:³ jX]uLv {:jn¸j¤h
√
N
[
−π̂N (Bu) + puπ̂N (B) + π(B)
(
π̂N (Su) − pu
)]
=
1√
N
N∑
j=1
[
−   B+`u
2
(Xj) + pu
 
B(Xj) + π(B)εj(u)
]
=
1√
N
N∑
j=1
[
−   {uj=u}
 
B(Xj−1) + pu
 
B(Xj−1) + π(B)εj(u)
]
− 1√
N
pu
(  
B(X0) − 

B(XN )
)
.
=
1√
N
N∑
j=1
εj(u)Vj−1(u) −
1√
N
pu
(  
B(X0) − 

B(XN )
)
.
WYX]`i]kkpF~¼j]\x[ j]\~oijp
0
¾ {:~  ]\[B[S{B_ º ³¬pFr¸rqp¿i º
 Y¥c,  2¡t¥¡Q    %  % É kkpFx~2n¸osjp  ]\[B[S{B_ º t¾
DN (B, u)
a.s.∼ 1√
N
N∑
j=1
εj(u)Vj−1(B) 56/7= 1√
N
MN (B, u).
­«_ º ±
MN (B, u)
nqi{ F Ú©[S{:xjn¸os{:rq]`¿mn¸jXÆn¸\x]{Fin¸os^}oxp4k]kii
〈M(B, u)〉N =
N∑
j=0
E
[
ε2j
∣∣ F j−1
]
V 2j−1(B) = pu(1 − pu)
N∑
j=0
V 2j−1(B),
{:~ ¾vo~o]\xXh4}VpFjX]kinqi
H0
¾on¸jmnqi]{Fih·jpBi]k]jX {:j
σ2 5687= lim
N→∞
1
N
〈M(B, u)〉N = pu(1 − pu)π(B)
(
1 − π(B)
)
.
fLn¸k]
MN (u,B)
X {Fi,lVpFvo~o]k~®yçvo[B}iÁ¾  n¸~o]\lV]\xsÛÜikpF~2n¸jnqpFOnqi,\rq]{:xr¸hDi!{:jnqi¶ ]k~6{:~
jX]Yk]\Ljx!{:ror¸n¸[Bn¸jjX]kpFx]\[ ³¬pFx [S{:xjn¸os{:rq]ki­«i]k]/³«pFx ]o{:[B}orq]YØ{:r¸r{:~Ø8]\h2~o]	'¸+*J±@h4nq]\rq~oi
1√
N
MN (B, u)
L
 N (0, σ2). ­«_ º ±
Ø8]\k]t¾ovo~o]\xXLhL}<pFjX]kinqi
H0
¾E­«_ º ±ÃjpFs]\jX]\x¿mn¸jX6­«_ º ±/n¸[B}or¸h
√
N
(
π̂N (Su)π̂N (B) − π̂N (Bu)
) L
 N (0, σ2).
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ 
fLn¸k]
σ̂N (u,B)
nqi{kpFinqij]\j]kijn¸[S{:j]`p:³
σ
¾ fLr¸voji´Lh<ÛÜimrq]\[B[S{B]\ivox]kimjX {:j
√
N
σ̂N (B, u)
(
π̂N (Su)π̂N (B) − π̂N (Bu)
) L
 N (0, 1),
{:~®WYX]kpFx]\[  º ³¬pFr¸rqp¿i º
"        
:( 
     
    
k∑
i=1
∑
u∈A
RN (Bi, u)
2 a.s.∼
k∑
i=1
∑
u∈A
1
N
( N∑
j=1
Vj−1(Bi)√
π(Bi)
εj(u)√
pu
)2
 Y¥c % » ]ijv~2h·jX]`{Fih4[B}ojpFjnql<]\X {kz4nqpFxp:³
RN (Bi, u) =
DN (Bi, u)√
π̂N (Su)π̂N (Bi)
=
DN (Bi, u)√
puπ(Bi)
√
puπ(Bi)√
π̂N (Su)π̂N (Bi)
,
 ~o]\x H0 jX]]\[B}on¸xnq{:r]kijn¸[S{:j] π̂N (Bi) nqikpFinqij]\j¾ip¿/]X {z]
RN (Bi, u)
a.s.∼ DN (Bi, u)√
puπ(Bi)
.
É kkpFx~2n¸osjp  ]\[B[S{^_ º t¾
RN (Bi, u)
a.s.∼ 1√
N
N∑
j=1
Vj−1(Bi)εj(u)√
π(Bi)
√
pu
.
 ]\[B[S{S¯ º ³¬pFr¸rqp¿in¸[B[^]k~2n½{:j]\r¸h º
 Y¥c,  2¡t¥¡Q    %  %  ]\jvimn¸jxp4~2vk]jX]j¤¿/p^³«pFr¸rqpÁ¿mn¸osSkpFr¸vo[B®z]k\jpFxi
ξj 56/7=
(Vj−1(Bi)√
π(Bi)
)
1≤i≤k
⊗
(εj(u)√
pu
)
u∈A
MN 56/7=
N∑
j=1
ξj.
ß(ß æ
<:=?>@=BA
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(MN )N
nqi{ F Ú©[S{:xjn¸os{:rq]¿mn¸jX®jX]`{Fiip4\n½{:j]k~¼n¸\x]{Fin¸os^}oxp4k]kii
〈M〉N 56/7=
N∑
j=1
E
[
ξjξ
t
j | F j−1
]
.
 ~o]\xmXh4}<pFjX]kinqi H0 ¾2n¸jnqi]{FihSjp^i!]k]jX {:j¾2³«pFx{:r¸r u, v ∈ A ¾
E
[
εj(u)√
pu
εj(v)√
pv
∣∣∣∣ F j−1
]
=
 
{v=u} −
√
pupv,
{:~Å³«pFx{:r¸r
B,B′ ∈ {B1, . . . Bk}
¾
lim
N→∞
1
N
N∑
j=1
Vj(B)√
π(B)
Vj(B
′)√
π(B′)
=
 
{B=B′} −
√
π(B)π(B ′).
 ]\jjn¸os^jX]j¤¿ÃpSkpFr¸vo[BÆz]k\jpFxi
√
p 56/7=
(√
pu
)
u∈A
√
π 56/7=
(√
π(B1),
√
π(B2), . . . ,
√
π(Bk)
)t
,
jX]8³¬pFr¸rqp¿mn¸osr¸n¸[Bn¸jXpFrq~oi º
lim
N→∞
1
N
〈M〉N 56/7= Γ = ∆ ⊗ S,
¿mX]\x]
S 5687= Id −√p√pt,
∆ 5687= Ik −√π√πt,
{:x]jX]pFxjXpFspF {:r<}oxp:y]k\jnqpF[S{:jxnqk]kiÃx]ki}<]k\jn¸z]\r¸h^pF
(
√
p)⊥
{:~
(
√
π)⊥
¾Lx]\[S{:x´4n¸os
jX {:j ∑k
i=1 π(Bi) = 1
º
É iYn¸®WYX]kpFx]\[
 º t¾2jX]k]\jx!{:r(r¸n¸[Bn¸jjX]kpFx]\[ ³¬pFx[S{:xjn¸os{:rq]kih4nq]\rq~oi
1√
N
MN
L
 N 4k(0,Γ),
­©¯ º Á±
{:~ ¾lh·jX]kpFjn¸Lvon¸j¤h®p:³ jX] $*v\r¸nq~o]{:ÈpFx[Æ¾
k∑
i=1
∑
u∈A
RN (Bi, u)
2 a.s.∼ 1
N
‖MN‖2 L ‖Z‖2,
¿mX]\x]
Z
L∼ N dk(0,Γ).
ÝJÞß@Ý«à
 F§F ª¬Í:Q¨¤¡\ ,ªJ§È¨Jo¡	§
:¦ªIª«¸ÌFª¬Í<¡\Ï¡Q§Í¦¡¦ 
fLn¸k]
Γ
nqimihL[B[^]\jxnq,{:~ÅpFxjXpFspF {:rÃ­¬{Fi{j]\ipFxm}oxp4~2v\jp:³(jÂ¿/ppFxjXpFspF {:rE}oxp:yc]kQÚ
jnqpFiQ±Q¾
Z
L
= ΓY
¾¿mX]\x]
Y
L∼ N dk(0, Idk) º WYX]\x]Q³¬pFx]t¾<¯Ãp4Xox!{:EÛÜi8jX]kpFx]\[ {:}o}or¸nq]ki­«i!]k]] º s º '   *J±{:~ ‖Z‖2 L= χ2(rank(Γ)) º» X]\ k > 1 ¾ jX]`x!{:o´Æp:³ Γ nqi (d − 1)(k − 1) {:~­¬ º t±Ã³«pFr¸rqpÁ¿i º
a¤OjX]¼} {:xjnq\vor½{:x^{Fi]
k = 1
¾
Γ = (1 − π(B))S {:~ ¯Ãp4Xox!{:EÛÜiBjX]kpFx]\[ h4nq]\rq~oi­¬ º ± º WYXonqikpF\r¸v~o]kijX]}oxp4p:³*p:³ WYX]kpFx]\[
 º  º
         
: 
    
  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 §  ¡Q¥`¨Jo¡ !£ot¨J2¡¦Qª½
Hm
*¨Jo¡,F?F £V¨©t¨«ª¬Í   ¡Q4  ª¬F¥B¨J2¡  ª ¡\¥¡Q§VÍ!¡
DN (B,w, u) 56/7=
√
N
(
π̂N (Sw)π̂N (Bwu) − π̂N (Swu)π̂N (Bw)
)
ªI¨J2¡ \ ¸*ªI§4Ì %
DN (B,w, u)
a.s.∼ 1√
N
N−m−1∑
j=1
εj+m+1(w, u)Vj(B,w),
­ º Á±
 o¡Q¥¡
εj(w, u) 56/7=   Sw(Xj−1)(   {uj=u} − Q(w, u)),
Vj(B,w) 56/7= pw   B(Xj) − π(Bw).
 Y¥c %WYX]}oxp4p:³(nqi{:r¸[^ptijmjX]i!{:[^]{FiYjX]}oxp4p:³p:³  ]\[B[S{_ º  ºË n¸xij{:r¸r jX]j]\x[^i
n¸
DN (B,w, u)
{:x]k]\Lj]\x]k~ º²Ë pFx{:r¸r@¿/pFx~ w p:³rq]\ostjX ≥ m
√
N
(
π̂N (Sw) − pw
)
L
 N (0, σ2).
π̂N (Bw)
a.s−→
N→∞
π(Bw).
$ 2!X {:ostn¸osÆp¿jX]zt{:xn½{:lorq]kin¸jX]ivo[ ­JjX]r¸n¸[Bn¸jnqipFj[^p4~2nÎ¶ ]k~×in¸k]B{:r¸rj]\x[^i
{:x]l<pFvo~o]k~¹{:~Å~2n¸z4nq~o]k~ÅlLh √
N
±Q¾o¿/]s]\jn¸[B[^]k~2n½{:j]\r¸hD­ º Á± º
ß(ß æ
<:=?>@=BA
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     
∑
wu∈Am×A
1≤i≤k
RN (Bi, w, u)
2
a.s.∼
∑
wu∈Am×A
1≤i≤k
1
N
(
1√
pw
N−m−1∑
j=1
Vj(Bi, w)√
π(Biw)
εj+m+1(w, u)√
pwu
)2
.
 Y¥c %WYX]}oxp4p:³*³¬pFr¸rqp¿i~2n¸x]k\jr¸hÅ³«xpF[  ]\[B[S{ º t¾ lLhÆvin¸osjX],kpFinqij]\\hÆp:³jX]
]\[B}on¸xnq{:r]kijn¸[S{:j]`{:~®fLr¸voji´4h<ÛÜimrq]\[B[S{ º
 Y¥c,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1√
pw
( Vj(Bi, w)√
π(Biw)
)
1≤i≤k
⊗
(εj+m+1(w, u)√
pwu
)
u∈A
)
w∈Ad
,
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N−d−1∑
j=1
ξj .
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nqi
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pSi]k]jX {:j¾2³¬pFx{:r¸r
u, v ∈ A ¾ w ∈ Am ¾
E
[
εj+1(w, u)√
pwu
εj+1(w, v)√
pwv
∣∣∣∣F j
]
=
 
Sw(Xj)
pw
(  
{v=u} −
√
Q(w, u)Q(w, v)
)
,
{:~Å³«pFx{:r¸r
B,B′ ∈ {B1, . . . Bk}
¾
1
N
N−m−1∑
j=1
 
Sw(Xj+m)
p2w
Vj(B,w)Vj(B
′, w)√
π(Bw)π(B ′w)
−→
N→∞
 
{B=B′} −
√
π(Bw)π(B ′w)
pw
.
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pFx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√
Qw 5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(√
Q(w, u)
)
u∈A
√
πw 56/7=
(√
π(B1w)
pw
,
√
π(B2w)
pw
, . . . ,
√
π(Bkw)
pw
)t
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